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ABSTRACT The statistical theory of energy levels or random matrix theory is presented in the context of the analysis of
chemical shifts of nuclear magnetic resonance (NMR) spectra of large biological systems. Distribution functions for the
spacing between nearest-neighbor energy levels are discussed for uncorrelated, correlated, and random superposition of
correlated energy levels. Application of this approach to the NMR spectra of a vitamin, an antibiotic, and a protein
demonstrates the state of correlation of an ensemble of energy levels that characterizes each system. The detection of
coherent and dissipative structures in proteins becomes feasible with this statistical spectroscopic technique.

INTRODUCTION

Over the last few years, the increased quantity and greater
quality of nuclear magnetic resonance (NMR) data
obtained on biological systems, ranging from small metab-
olites to large macromolecular structures, reflect advances
in technique and technology. Most of these studies were
done in solution, whereas the NMR biological experiments
performed in the solid state have had limited success up to
now. Most solution NMR investigations deal with time-
independent interactions such as magnetic shielding
(chemical shift) and the indirect spin-spin coupling (J- or
scalar coupling). Although time-dependent interactions
monitored through relaxation measurements provide
dynamic information, they will not be treated explicitly in
this work. Here we apply random matrix theory (RMT)
(1-3), or the statistical theory of energy levels, to the
interpretation of chemical shift data in large biological
systems. This theory has been successful in the understand-
ing of spectroscopic data of excited nuclei, atoms, and
certain molecular systems (1,4, 5) but has never been
applied to biological systems. Our purpose is to introduce
to the biological community the assumptions, physical
content, and results of RMT and to discuss the potential
information that can be extracted from such analysis, as
well as the inherent limitations of this approach. We
examine these points in the Theory and Method section. In
Results and Discussion we present an analysis and discus-
sion of NMR data obtained from current literature with
examples that include a vitamin, an antibiotic, and a
protein. In the Conclusions and Summary, we suggest the
application of this technique to some aspects of the prob-
lems of irreversibility in biological systems.

THEORY AND METHOD

The motivation for a statistical analysis of the energy level distribution is
threefold. First, in large systems where the present methods of NMR are
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insufficient for a complete assignment of individual resonances, the
energy level spacing distribution can characterize the system. Second, the
method is general so that the interactions determining the energies or even
the nature of the system need not be known. Finally, even if the
assignment of the chemical shift is complete, this signature only describes
the average local environment of each nuclear site. This microscopic
approach neglects the presence of any correlation between sites. By
examining an ensemble of local sites (or energy levels) we obtain a global
picture of this many-body system which may indicate the occurrence of
mutual or reciprocal relations between its constituents.

We are concerned with the statistical distribution of spacing between
nearest-neighbor energy levels in NMR spectra of biomolecules. Let us
recall a few basic ideas of probability and statistics. When dealing with an
ensemble of values A; of a property A in a system, one can characterize
this sample space with the statistical ensemble average (A4 ) (or the first
moment), and the second moment describing the fluctuations of 4, about
(A). The probability of finding a value in the interval 4; + d4; in the
ensemble is given by P(A4;)d 4;, where P(A;) or P is a probability density
function satisfying Z,P(4;)dA4; = 1. Furthermore, we can express the
average of a discrete variable, (A4 ) = 2,4,P(A4;) with the probability P,
which can easily be generalized through integration for the case of a
continuous variable. The probability density function is loosely called a
distribution function in statistical mechanics and characterizes the
ensemble as a whole. The constraints employed in defining a representa-
tive ensemble are chosen to correspond to the maximal knowledge that we
have of the system of interest. RMT permits the interpretation of the
functional form of P in terms of qualitative correlation of the investigated
property A. In statistics (6), correlation is a measure of how several
variables vary together. Linear covariability of 4 and B is described by
the covariance ¢ given by

04 =(AB) — (4) (B). m
A correlation coefficient proportional to the covariance and standard
deviation of the random variables can also be defined, but such a
quantitative approach is of no concern here. Rather, correlation will imply
the familiar and intuitive concept of relation between energy levels; the
environment of a local site i is also determined by factors influencing
another (or many) site(s) j. Cooperativity effects in allosteric enzymes
and the concerted charge relay mechanism of action of chymotrypsin are
biochemical examples of correlation or coherent couplings.

Theoretical distribution functions are available from the results of
RMT (2) (Fig. 1). The Poisson distribution

P(x) = 1/D exp (~x/D) e)
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FIGURE 1 Probability density functions, P, for the nearest-neighbor

energy level relative spacing x; (4) Poisson distribution, (B) Wigner
distribution, and (C) random superposition of two Wigner distributions.

corresponds to uncorrelated values of the variable x, the energy level
spacing (see below), with normalization constant D, while in the corre-
lated case, the Wigner distribution (7) applies and is given by

P(x) = ;—I; exp (— :‘%) 3)

An intermediate condition consists of the random superposition of a few
Wigner distributions. This decomposition can indicate a certain number,
n, of correlated states in a system. A large superposition of Wigner
functions, n — «, leads to the Poisson distribution. In the case of a
random superposition of two Wigner distributions, an analytic expression
has been derived (8) for P given below

1 2 2 \/—
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where ¢ is the complementary error function,

2
-1 - = g2 5
o (y) = _/(; exp (—12) dt. (5)
Empirical distributions (9) such as the Porter-Thomas

P(x) = 4x/D exp (—2x/D) (6)
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and the normal (Gaussian) distribution

P(x) = 1/a(2x)'* exp [~ fo(x ~ p/0)’], Y

where u and ¢ are the first moment and variance, respectively, have been
used in the statistical analysis of energy levels. Because of their empirical
origin, the interpretation and/or information content of such distributions
have been discussed with respect to specific individual cases.

In spectroscopy, time-independent interactions lead to the experimen-
tal determination of characteristic values of the energy of the system, or
eigenvalues E;. The eigenfunctions | i> represent the stationary states of
the system. The nature of this kind of problem is embodied in the
Schrédinger time-independent equation

Hli> — E;li>, (8)

where H is the Hamiltonian operator corresponding to the energy. In the
event where the system possesses a finite number of stationary states, as in
NMR, Schridinger’s equation can be “solved™ with matrix algebra. The
Hamiltonian is represented by a matrix with elements H;, where the
diagonal elements (i = j) are related to the eigenvalues, and the off-
diagonal elements (i # j) carry information concerning the transition
probability between stationary states i and j. Physical symmetry of the
system permits a so-called block diagonalization transformation of the
Hamiltonian which vyields irreducible blocks of elements along the
diagonal. Instead of working with the original # x n matrix, we can study
the eigenvalue distribution function of each block of dimension smaller
than n separately, since the elements of different blocks do not mix.

In the statistical theory of energy levels, the elements of the Hamilton-
ian are random variables distributed according to certain assumptions.
We suppose the off-diagonal elements are distributed symmetrically
about zero mean while the distribution of diagonal elements is taken to be
symmetrical, but not necessarily about zero mean. The plausibility of
these assumptions and others (2) outside the scope of this paper have been
favorably tested with Monte Carlo computer calculations in the deriva-
tion of the spacing distribution functions (10, 11).

We wish to treat the chemical shift interaction Hamiltonian with
RMT. For this interaction the most general Hamiltonian (12) is given by
H = —+vhl .7 - B, where v is the magnetogyric ratio; h, Planck’s
constant h/2x; I, the spin angular momentum operator; and B, the
magnetic field. The chemical shift ‘¢” is represented by a second-rank
cartesian tensor with nine components ;. These can be resolved with
symmetry arguments into an isotropic component oy,, = A0, an
antisymmetric tensor o;; = {0}, — 6;;), and a traceless symmetric tensor
6; = 'h(oy; + 0;) — 0y, with three and five independent components,
respectively. In solution, only the isotropic value survives random molecu-
lar motions as detected in the NMR spectrum. Under such a circum-
stance, H' becomes —a’,, wohIl, where i denotes a particular site in the
system; the energy is E; = —df, w, in frequency units w, = yB. Theories
(12) have decomposed o, into a paramagnetic and a diamagnetic part, o,
and o,, which depend upon the spatial distribution and orbital angular
momentum of the electrons. The interpretation of chemical shifts usually
deals with the shielding of a nucleus by surrounding electrons. Any
correlation between sites is not obvious from this approach. Chemical
shift correlation spectroscopy (13) through scalar coupling is 2 promising
two-dimensional NMR technique that treats correlation of different
spins. From the standard NMR spectrum we obtain qualitative correla-
tion information by analyzing the relative spacing between nearest-
neighbor energy levels.

The method consists of ordering the set of energy levels E, of a system
due only to chemical shifts. The nearest-neighbor spacing S; = E;,, — E;
is obtained for all i sites, from which sample space one establishes the
average spacing D. One then computes the relative spacing x; = S;/D. A
histogram of the number of spacings, NS, with value x; vs. x; permits the
comparison of the experimental data with P(x;). All the distribution
functions given here are dependent on a well-behaved spacing average, D.
This requirement may be examined by plotting the number of levels N
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having energy less than or equal to E vs. the energy E. A linear plot
(constant slope) indicates a uniform energy level density that assures a
well-behaved D. In the event of several slopes, the distribution of spacings
is obtained separately for the levels belonging to the appropriate energy
level density and are plotted on the same histogram (10). The possibility
of high-level density or small spacings and low intensity of absorption
lines could result in missing certain lines. In NMR, overlapping reso-
nances will usually contribute most to this problem. If the missing levels
form a small fraction of the total number of levels, e.g., <5%, we neglect
such corrections and assume the overall distribution function remains
essentially invariant (10). Quantitative determination of the statistical
agreement between the experimentally measured and theoretical distri-
butions is beyond the level of this paper (11). Suffice it to say that
nonlinearity must then be introduced in the distribution function, pax?,
which we avoid for the simple cases treated here, the Poisson distribution
where ¢ = 0, and the Wigner function with ¢ = 1. For a Poisson
distribution the probability of spacing S between an energy level, E, and
the adjacent one in S + dS is independent of the spacing and is given by
dS/D. The Wigner distribution is linearly dependent on S and the
analogous probability is S dS/D? The different behavior of the Poisson
and Wigner distributions for small spacings has been explained (2) with
group theoretical arguments involving symmetry and level repulsion.

The method can easily be extended in principle for the treatment of
time-dependent interactions, H(#). Normally, relaxation measurements
are interpreted in terms of a microscopic model of motion. The Wiener-
Khintchine theorem shows that the Fourier transform of the autocorrela-
tion function, (H(t) - H(t + 7)) (where the brackets denote an ensemble
equilibrium average) yields the spectral density function, J(w), thereby
giving the frequencies of motions responsible for relaxation. Relaxation
rates are directly proportional to J(w). An expansion of J(w) in terms of
cigenvalues and eigenfunctions of a transition operator permits a
frequency analysis of relaxation data (14). In the event of a discrete
spectrum, one could probe directly the correlation of the different motions
in the same way as we have presented it above for static chemical shift
interactions.

For large biological systems such as proteins with domains or quater-
nary structures, the approach has inherent limitations for both static and
time-dependent interactions. Continuous distributions and overlapping of
resonance lines cannot be treated with RMT in its present form; one needs
a discrete and well-resolved spectrum. Similarly for the power spectrum,
J{(w), continuous distributions of correlation times are often found in large
polymeric structures. This problem becomes less important with two-
dimensional NMR experiments.

RESULTS AND DISCUSSION

The NMR spectrum that can be analyzed by RMT may
not display J-coupling since the nearest-neighbor energy
level spacing distribution will become a function of chemi-
cal shift and the indirect spin-spin interactions. In the
detection of rare nuclei, e.g., '*C, '°N, broadband proton
decoupling is normally employed, eliminating J-coupling
to protons. As for detection of protons, several relatively
new two-dimensional NMR techniques (13) permit the
separation of different interactions in a spectrum, provid-
ing solely chemical shift information.

Recently, Keller et al. (15) assigned most of the reso-
nances of '"H NMR of the trypsin inhibitor homologue K, a
protein from snake venom with 57 amino acids. In Fig. 2 A4,
a plot of the number of energy levels N with energy less
than or equal to E, vs. E, is linear, indicating a well-
behaved energy level density. The results of the statistical
analysis of the energy level spacing distributions are pre-
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FIGURE 2 Number of energy levels, N, with energy less than or equal to
E. All energies are expressed in ppm. (A4) Trypsin inhibitor homologue K
(15), (B) cyanocobalamin (16), (C) alamethicin (17).
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sented in Fig. 3. Here we clearly see the presence of a
Poisson distribution, indicating uncorrelated energy levels.
In such a large system, one would not expect a correlation
of all the energy levels. Tight coupling in the tertiary
structure usually involves only certain moieties of the
protein, but not necessarily all of the nuclei. Stronger
correlations are to be expected in smaller regions of the
molecule, such as domains or the secondary structures.
Nevertheless, the Poisson distribution characterizes well
the ensemble of nuclear energy levels of the trypsin inhibi-
tor. A change in the state of correlation might be expected
on binding to trypsin.

A smaller system without distinct domains or secondary
structure features might reflect correlation of the tertiary
structure involving most nuclei. Cyanocobalamin, or vita-
min B,,, is well suited to test this proposal. Anton et al.
(16) studied this system with *C NMR and assigned all
resonances. Changes in the NMR of the carbonyl and
imine carbon regions were monitored by varying the pH,
and then compared to analogues. This approach of corre-
lating resonances with several analogues helped in the
interpretation of the spectrum. Our analysis of the data is
presented in Figs. 2 B and 4 for cyanocobalamin only. We
assumed the presence of a single energy level density
though the curvature in the plot N vs. E might indicate the
presence of two densities. Surprisingly, the Poisson distri-
bution is in qualitative agreement with the experimental
distribution. Therefore, the *C energy levels are uncorre-
lated on the NMR time scale. However, this does not
exclude correlation of electronic, vibrational, or rotational
energy levels which might be important in the functional
aspect of the vitamin in vivo.

The structure of alamethicin, an antibiotic that displays
interesting interactions with membranes, has been studied
in solution with 'H-two-dimensional NMR techniques by
Banerjee et al. (17). Spectroscopic investigations have
proposed the existence of secondary structures in the 20
amino acid peptide. The NH,-terminal region would con-
sist of an a-helix while the COOH-terminus would display
an extended 8-sheet structure. The presence of two struc-

FiGURE 3 Histogram of the number of spacings, NS, vs. the relative
spacing x; for the trypsin inhibitor homologue K (15) superimposed with
the Poisson distribution.
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FIGURE 4 Histogram of the number of spacings, NS, vs. the relative
spacing x; for cyanocobalamin (16) superimposed with the Poisson
distribution.

tures implies possible correlation of energy levels within
and among secondary structures. The NMR energy level
density shows two distinct regions in the N vs. E plot (Fig.
2 C). To obtain the spacing distribution, a single average
spacing D was used in Fig. 5 4. When two average
spacings D, and D, were used to treat the data, and their
respective relative spacings were plotted on the same
histogram (Fig. 5 B), the results were very similar to those
determined by a single average spacing D. A spacing with a
value of 48 standard deviations from D (Fig. 2 C) as
determined from the other 62 spacings was renormalized
to one (s; = D) in order to prevent the whole distribution
from being determined solely by this single aberrant
spacing. In both cases, the Poisson and Wigner distribu-
tions do not agree with the experimental distributions. The
intermediate case of random superposition of two Wigner
distributions agrees qualitatively with the data. Eq. 4 was
developed assuming a single mean spacing D, though
Harvey and Hughes (9) expect slight changes in the
distribution in the case of two approximately similar
energy level densities. From this, one might speculate that
a Wigner distribution could be associated with the a-helix
region, and another Wigner distribution could be asso-
ciated with the 8-pleated sheet. The presence of hydrogen
bonds that stabilize each structure lends support to the
correlation of energy levels in the 'H NMR. From their
studies, Banerjee et al. propose a conformation with the
first nine amino acids involved in the a-helix, followed by
an open spacer of four residues, with the last five residues
forming the extended B-sheet. Here, we assumed for
simplicity that the first 10 amino acids formed the a-helix
and that the last 10 were involved in the extended 3-sheet
and analyzed the energy level spacing distribution sepa-
rately, but plotted the results on the same histogram (Fig.
5 C). The Wigner distribution is in qualitative agreement
with the data that indicates the presence of correlation of
spacings. In any case, the ensemble of energy levels of
alamethicin can be represented by the random superposi-
tion of two Wigner distributions (Eq. 4) that correspond to
two correlated states.
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FiGURE 5 Histograms of the number of spacings, NS, vs. the relative
spacing x; for alamethicin (17), (A4) assuming a single average spacing D,
(B) assuming two average spacings D, and D, (both 4 and B are
superimposed with the distribution function given by Eq. 4), (C) separa-
tion of a-helix from S-pleated sheet data as explained in the text,
superimposed with the Wigner function. In all cases one level is found at
x; = 7 (not shown).

CONCLUSIONS AND SUMMARY

The characterization of an ensemble of energy levels by
spacing distributions demonstrates the degree of correla-
tion between energy levels. The *C NMR of vitamin B,
and '"H NMR of a trypsin inhibitor both displayed uncorre-
lated energy levels while the 'H NMR of the antibiotic
alamethicin was in qualitative agreement with the random
superposition of two Wigner distributions. Presumably,
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other types of distributions would also characterize biologi-
cal systems.

In biological NMR, RMT has several advantages for
describing a system, or part of it, by a spacing distribution.
The existence of channels for either energy transfer or
relaxation (18), or hydrogen bond network extending over
long range in proteins (19), are dependent on structural or
functional correlations (20) of several groups of atoms or
amino acids with time-independent and -dependent prop-
erties. Correlations of this type of many-body collective
modes can be conveniently “detected” with the analysis
presented here.

Irreversibility in biological systems is ubiquitous. The
state of equilibrium is an idealization that is never realized.
Rather, stationary or steady states pervade a host of
processes that lead to the presence of coherent and dissipa-
tive structures. These structures are the building blocks of
the biological architecture; biological engineering and
design is related to the evolution of these structures.
Coherent and dissipative structures and their stability
properties play an important role in modern theories of
systems that are far from equilibrium (21). The correlated
character of these structures and processes can be moni-
tored by RMT analysis of an ensemble of energy levels
obtained by NMR.
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